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AN EXPLICIT FORMULA FOR THE LOCAL ZETA FUNCTION
OF A LAURENT POLYNOMIAL
EDWIN LEO´N-CARDENAL
Abstract. In a recent paper Zu´n˜iga-Galindo and the author begun the study
of the local zeta functions for Laurent polynomials. In this work we con-
tinue this study by giving a very explicit formula for the local zeta function
associated to a Laurent polynomial f over a p−adic field, when f is weakly
non-degenerate with respect to the Newton polytope of f at infinity.
1. Introduction
Local zeta functions were introduced in the 60’s by Israel Gel’fand and Andre´
Weil. Gel’fand study this functions over R with the aim of showing the existence of
fundamental solutions to certain partial differential equations with constant coeffi-
cients. Meanwhile Weil studied p−adic local zeta functions in order to generalize
some results of Siegel about quadratic forms, e.g. the Siegel-Poisson formula, see [1].
Significant contributions have since been made, specially in the last three decades,
see e.g. [1, 4, 8] and the references therein.
One of the most powerful tools in the characteristic zero wing of the theory is the
resolution of singularities. In particular, after the pioneering work of Varchenko [9],
Newton polyhedra techniques have been extensively employed to study local zeta
functions as well as their connections with oscillatory integrals, see e.g. [1, 7] and
the references therein for the Archimedean case, and [2,10,12], among others, in the
non-Archimedean case, including the positive characteristic case. In [5,6] we began
the study of local zeta functions for a Laurent polynomial f over a p−adic field.
There we introduce a Newton polytope at infinity Γ∞ associated to f , together
with a non-degeneracy condition in order to show the existence of a meromorphic
continuation to the whole complex plane of the local zeta functions for f . We also
obtain asymptotic expansions for p−adic oscillatory integrals attached to Laurent
polynomials and give bounds for the size of ‘tubular neighborhoods’ attached to
the polynomials. Our work in [5] is closely related with the recent paper [11], where
the authors study the local zeta functions for meromorphic functions.
The main tool used in [5] for the meromorphic continuation of the local zeta
functions is a variation of toric resolution of singularities. In the classical case of a
polynomial function f , one uses the Newton polyhedron of f to construct a conical
decomposition of the first orthant of Rn into simple cones, this decomposition is
called a fan. Then one construct a toric manifold and a map of it into Rn, which
together resolve the singularities of almost all the critical points of f . This strategy
was carried out successfully in [5] for the case of Laurent polynomials. However,
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there is a detail that should be pointed out about our construction. In general,
the set of generators of the simple fan may contain extra rays coming from the
intersection of Rn+ with the cones in the original fan, and these extra rays could
lead to superfluous candidate poles for the local zeta function, see Example 2.2 and
the discussion before Example 2.1.
In this paper we justified the aforementioned fact and shows that it may happen
only in dimensions above 2. Further work in the description of this new set of
rays could be of some interest. In the second part of this work we go back to the
referred construction of [5], in particular we review and slightly refine the definition
of the conical partition subordinated to the Newton polytope of a non–degenerate
Laurent polynomial f . Our goal is to give an explicit formula for the local zeta
function attached to a character of the group of units of the local ring of K and
a non–degenerate Laurent polynomial f , see Section 4. Furthermore, we provide
several examples that we hope may shed more light on our approach in [5] and here,
to the study of this new type of local zeta functions.
2. Newton Polytopes and Non-degeneracy Conditions
2.1. Newton Polytopes. We take R+ := {x ∈ R; x > 0}. If 〈·, ·〉 denotes the
usual inner product of Rn, we identify the dual space of Rn with Rn itself by means
of it.
Let K be a local field of characteristic zero. Let
f(x1, . . . , xn) =
∑
m∈S
cmx
m ∈ K[x±11 , . . . , x±1n ],
be a non-constant Laurent polynomial with S a finite subset of Zn, and cm ∈ K\{0}
for all m ∈ S. The set S is called the support of f . We define the Newton polytope
Γ∞ (f) := Γ∞ of f at infinity as the convex hull of S in Rn. From now on, we
assume that dimΓ∞ = n.
Let H be the hyperplane {x ∈ Rn ; 〈a, x〉 = b}. Then H determines two closed
half-spaces:
H+ := {x ∈ Rn; 〈a, x〉 ≥ b} and H− := {x ∈ Rn; 〈a, x〉 ≤ b} .
We say that H is a supporting hyperplane of Γ∞, if Γ∞ ∩ H 6= ∅ and Γ∞ ⊂ H+
or Γ∞ ⊂ H−. A face of Γ∞ is the intersection of the polytope with a supporting
hyperplane. Faces of dimension 0, 1, and n− 1 are called vertices, edges and facets,
respectively. We denote by V ert(Γ∞) the set of vertices of Γ∞.
Given a ∈ Rn, we define
d(a) = inf {〈a, x〉 ; x ∈ Γ∞} .
In fact d(a) = min {〈a, x〉 ; x ∈ V ert(Γ∞)} , furthermore d(a) = 〈a, x0〉 for some
x0 ∈ V ert(Γ∞).
Now, given a supporting hyperplane H of Γ∞ containing a facet of Γ∞, there
exists a unique vector a ∈ Zn \ {0} which is orthogonal to H and is directed
into the polytope, such a vector is called the inward normal to H . A vector a =
(a1, . . . , an) ∈ Zn is called primitive if g.c.d.(a1, . . . , an) = 1, so when the vector a
is chosen to be primitive, it turns out that every facet of Γ∞ has a unique primitive
inward vector; the set of such vectors is denoted by D(Γ∞).
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2.2. Conical Subdivisions of Rn+. We present here the main results about the
conical partition that we use in [5], where the reader may find more details.
If a ∈ Rn, the first meet locus of a is defined as
F (a) = {x ∈ Γ∞; 〈a, x〉 = d (a)} .
Note that F (a) is a face of Γ∞, and that F (0) = Γ∞. With this notion at hand we
define an equivalence relation on Rn by taking
a ∼ a′ ⇐⇒ F (a) = F (a′) .
Now, given a1, . . . , ak ∈ Rn (k ≤ n) we call
(2.1) ∆ = {λ1a1 + · · ·+ λkak; λi ∈ R, λi > 0}
the cone strictly spanned by a1, . . . , ak. When the generators a1, . . . , ak are linearly
independent over R, the cone is called simplicial and when a1, . . . , ak ∈ Zn the cone
is called rational. If {a1, . . . , ak} is a subset of a basis of the Z−module Zn, we call
∆ a simple cone.
In order to describe the equivalence classes of ∼ we define the cone associated to
τ , a given face of Γ∞, as
(2.2) ∆τ = {a ∈ Rn; F (a) = τ} .
Note that ∆Γ∞ = {0}. The other equivalence classes are described in the next
Lemma, which also provides the relation between (2.1) and (2.2).
Lemma 2.1. Let τ be a face of Γ∞, τ 6= Γ∞, then
(i) the topological closure ∆τ of ∆τ is a rational polyhedral cone and
∆τ = {a ∈ Rn;F (a) ⊃ τ} .
(ii) Let γ1, . . . , γk be the facets of Γ∞ containing τ . Let a1, . . . , ak ∈ Zn \ {0}
be the unique primitive orthogonal inward vectors to γ1, . . . , γk respectively.
Then
∆τ = {λ1a1 + · · ·+ λkak ; λi ∈ R, and λi > 0} ,
and ∆τ = {λ1a1 + · · ·+ λkak ; λi ∈ R, and λi ≥ 0} .
(iii) dim∆τ = dim∆τ = n− dim τ.
We recall that a fan L is a finite collection of rational polyhedral cones {Λi; i ∈ I}
in Rn such that: (i) if Λi ∈ L and Λ is a face of Λi, then Λ ∈ L; (ii) if Λ1,Λ2 ∈ L,
then Λ1 ∩ Λ2 is a face of Λ1 and Λ2. The support of L is ∪i∈IΛi. A fan L is called
simplicial (resp. simple ) if all its cones are simplicial (resp. simple). A fan L is
called subordinated to Γ∞, if every cone in L is contained in an equivalence class of
∼. We denote by gen(L), the set of all generators of the cones in L.
Let {e1, . . . , en} denote the canonical basis of Rn and denote by ∆i the cone
strictly spanned by ei. Note that if ∆τ ∩ Rn+ 6= ∅, then ∆τ ∩ Rn+ is a cone of the
form (2.1), therefore we have:
Lemma 2.2. (1) {∆τ ; τ is a face of Γ∞} := {∆τ} is a conical partition of
Rn into open cones.
(2) If Int(∆) denotes the topological interior of a cone ∆, then
C := {Int(∆τ ∩ Rn+) ; ∆τ ∩Rn+ 6= ∅}
⋃
∪ni=1∆i,
forms a conical partition of Rn+ \ {0} into open cones.
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(3) {∆τ} (resp. C := {∆τ}
⋃∪ni=1∆i) is a fan subordinated to Γ∞ with support
Rn (resp. Rn+).
Each cone in C can be partitioned into a finite number of simplicial cones. By
adding new rays, each simplicial cone can be partitioned further into a finite number
of simple cones. In this way we may find simple fans containing {∆τ} (resp. C)
and subordinated to Γ∞. From now on, we fix a simple fan F subordinated to Γ∞
with support Rn+. We set F0 to be the cone Rn+ and its faces, and we will say that
F is trivial if F = F0.
Example 2.1. Given arbitrary u, v ∈ N, set f(x, y) = (y−1+x)u+yv ∈ K[x±1, y±1].
τ1
τ2
τ3
(0, v)
(u, 0)
(0,−u)
∆τ2∩τ3
∆τ1∩τ2
∆τ1∩τ3
(1, 0)
(−1, 1)
(−v,−u)
Figure 1. Γ∞((y−1 + x)u + yv) and the conical partition of R2
induced by it.
Note that C = R2+ \ {0} and C is trivial. By introducing the ray (1, 1) ∈ R2+, we
get a nontrivial and simple fan F subordinated to Γ∞ and supported on R2+.
In the classical case of a polynomial function f , the description of the set of
generators of a simple fan subordinated to the Newton polyhedron of f , Γ(f), is
very simple and consists just of the normal vectors to the facets of Γ(f) and a finite
set of primitive vectors corresponding to the extra rays induced by the subdivision
into simple cones. In our approach, the description of the set of generators is not
so simple, see [5, Remark 3.5 (ii)]. When n = 2, we have
(2.3) gen(F) = D(F) ∪ E(F) ∪ E ′(F),
where D(F) ⊂ D(Γ∞), E(F) ⊆ {e1, e2} and E ′(F) is the set of rays coming from
the subdivision into simple cones. When n ≥ 3, the set gen(F) becomes
gen(F) = D(F) ∪D′(F) ∪ E(F) ∪ E ′(F),
where the set D′(F) consists of the rays coming from the intersection of Rn+ with
some of the cones in the corresponding simplicial fan subordinated to Γ∞ and
supported on Rn. The situation is illustrated in the following example.
Example 2.2. Take f(x, y, z) = x−1+y−1+z−1(1+y)+(xz)−1y ∈ K[x±1, y±1, z±1].
Then the set of inward normal vectors of Γ∞ is
D(Γ∞) = {(1, 1, 1), (0, 0, 1), (0,−1,−1), (−1,−1,−2), (−1, 0, 0)}.
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The cone generated by the vectors (0, 0, 1), (1, 1, 1) and (−1, 0, 0) belongs to the
original simple fan supported on R3, but its intersection with R3+ is a 3−dimensional
cone generated by the vectors (0, 0, 1), (1, 1, 1) and (0, 1/2, 1/2). The last vector is
in neither set of (2.3).
A finner description of the set of candidate poles of the local zeta functions for
Laurent polynomials, and perhaps of our results (see Theorem 4.1), will require a
characterization of the rays in D′(F), but so far this subject has scape from the
attempts of the author. This matter was not clarified enough in our previous work.
2.3. Non–degeneracy Conditions. Given a ∈ Rn+, we define the face function
of f(x) =
∑
m∈S cmx
m with respect to a as
fa(x) =
∑
m∈S∩F (a)
cmx
m.
We set T n = T n (K) := {(x1, . . . , xn) ∈ Kn ; x1 · · ·xn 6= 0}, for the n-dimensional
torus considered as a K-analytic manifold.
Definition 2.1. Let f(x) =
∑
m∈S cmx
m ∈ K[x±1], be a non constant Laurent
polynomial with Newton polytope Γ∞. We say that f is non–degenerate with respect
to a ∈ Rn+, if the system of equations
{fa(x) = 0,∇fa(x) = 0}
has no solutions in T n (K). We say that f is weakly non–degenerate with respect
to Γ∞ over K, if f is non–degenerate with respect to any a ∈ Rn+.
Remark 2.1. By allowing a to take values on Rn, we have that the property of
being non-degenerate with respect to any a ∈ Rn is precisely the standard non-
degeneracy condition of Khovanskii, see [5, Section 2.3].
Example 2.3. Let f(x, y) as in Example 2.1. Then f is degenerate with respect
to Γ∞ but f is weakly non-degenerate with respect to Γ∞.
Now we consider L ⊆ C a number field with ring of integersRL. Take a maximal
ideal m of RL, and assume that Fq is the residue field of m. In addition, denote by
K := Km the completion of L with respect to the m-adic valuation and denote by
f the reduction modulo m of f .
Definition 2.2. A non constant Laurent polynomial f(x) =
∑
m∈S cmx
m ∈ K[x±1],
is weakly non–degenerate with respect to Γ∞ over Fq if for any a ∈ Rn+, the system
of equations
{fa(x) = 0, ∇fa(x) = 0}
has no solutions in (F×q )
2.
We may assume that a non–degenerated Laurent polynomial can be written as
(2.4) f(x) =
f̂(x)
xm
,
for some m ∈ N and f̂(x) ∈ K[x1, . . . , xn]. As in the classical case, if f(x) ∈ K[x±1]
is a weakly non–degenerate Laurent polynomial with respect to Γ∞ over K, then
for almost all m, i.e. for q big enough, f is weakly non–degenerate with respect to
Γ∞ over Fq. This fact follows easily from (2.4) and the corresponding remarks in
[2, p.4].
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3. Local Zeta Functions for Laurent Polynomials
In this section we give the definition and the main properties of the ‘twisted’ local
zeta functions attached to a Laurent polynomial, of course we only summarize the
results presented in [5].
Let K be a p−adic field, i.e. [K : Qp] <∞. Let RK be the valuation ring of K,
PK the maximal ideal of RK , and K = RK/PK the residue field of K, which is
a finite field of lets say q elements, i.e. K = Fq. Given z ∈ K, ord (z) will denote
its valuation and |z|K = q−ord(z). We will fix a uniformizer p of PK and define the
angular component of z by ac z = zp−ord(z).
We equipKn with the norm ‖(x1, . . . , xn)‖K := max1≤i≤n (|xi|K). Then (Kn, ‖·‖K)
is a complete metric space and the metric topology is equal to the product topology.
A quasicharacter of K× is a continuous homomorphism ω : K× → C×. The set
of quasicharacters that we will denote by Ω (K×) has an Abelian group structure.
Now, to a given complex number s we associate an element ωs of Ω (K
×) by setting
ωs (x) = |x|sK . When we choose that ω (p) = q−s for every ω ∈ Ω (K×), we have
that
(3.1) ω (x) = ωs (x)χ (ac x) ,
where χ := ω |R×
K
. Equation (3.1) shows that Ω (K×) ≃ C/ (2pi√−1/ ln q)× (R×K)∗,
where
(
R×K
)∗
is the group of characters of R×K ; therefore Ω (K
×) is a one dimen-
sional complex manifold. Now we note that σ (ω) := Re(s) depends only on ω,
and |ω (x)| = ωσ(ω) (x), thus it makes sense to define the following open subset of
Ω (K×) ,
Ω(a,b)
(
K×
)
=
{
ω ∈ Ω (K×) ;σ (ω) ∈ (a, b) ⊆ R} .
We recall that a locally constant function on Kn with compact support is called a
Bruhat-Schwartz function, these functions form a C-vector space denoted as S(Kn).
Given Φ ∈ S(Kn), ω ∈ Ω (K×) and f a Laurent polynomial, we define the local
zeta function as
ZΦ(ω, f) = ZΦ(s, χ, f) =
∫
Tn(K)
Φ(x) ω(f(x)) |dx|,
where |dx| is the normalized Haar measure of Kn.
The convergence of ZΦ(ω, f) is not a straightforward matter, this is an important
difference with the classical case. We introduce here a few more notation in order
to elucidate this assertion.
For a = (a1, . . . , an) ∈ Zn \ {0}, we set ‖a‖ = a1 + . . .+ an , and
(3.2) P(a) :=
{
− ‖a‖
d(a) +
2pi
√−1Z
d(a) ln q if d(a) 6= 0,
∅ if d(a) = 0.
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Let F be the fixed simple fan subordinated to Γ∞ and supported in Rn+ as before.
Set
A(F) :=
⋃
a∈gen(F)
d(a) 6=0
{ ‖a‖
−d (a) ; d (a) < 0
}
, B (F) :=
⋃
a∈gen(F)
d(a) 6=0
{ ‖a‖
−d (a) ; d (a) > 0
}
,
α := α(F) =
{
minγ∈A(F) if A (F) 6= ∅
+∞ if A (F) = ∅, and β := β(F) = maxγ∈B(F)∪{−1} γ.
Theorem 3.1 ([5, Theorem 3.3]). Let f be a weakly non-degenerate Laurent poly-
nomial with respect to Γ∞ over K, and let F be a fixed simple and non-trivial fan
subordinated to Γ∞. Then the following assertions hold:
(i) ZΦ(ω, f) converges for Re(s) ∈ (β, α);
(ii) ZΦ(ω, f) has a meromorphic continuation to the whole complex plane as a
rational function of q−s, and the poles belong to the set⋃
a∈gen(F)
d(a) 6=0
P(a) ∪
{
−1 + 2pi
√−1 Z
ln q
}
.
In addition, the multiplicity of any pole is least or equal to n.
Example 3.1. Take f(x, y) = (y−1 + x)u + yv ∈ K[x±1, y±1], with arbitrary
u, v ∈ N, as in Example 2.1. Take Φ as the characteristic function of P 2K , and
ω = ωs. Since A(F) = 1/u, B(F) = ∅, we have that α = 1/u and β = −1. So
ZΦ(ωs, f) will converge on the interval (−1, 1/u). But actually the integral does
converge for Re(s) < 1
n
, as the following straightforward computation shows.
ZΦ(ωs, f) =
∫
(PK\{0})2
|f(x, y)|sK |dxdy| =
∞∑
a=1
∞∑
b=1
∫
paR
×
K
×pbR×
K
|f(x, y)|sK |dxdy|
=
(
1− q−1) q−2+us
1− q−1+us .
4. Explicit Formulas
The main result of the paper is an explicit formula for ZΦ(ω, f) when f is a
weakly non-degenerate Laurent polynomial, Φ is the characteristic function of RnK
and ω is an arbitrary element of Ω(K×). Such type of formulas are known in the
classical case of local zeta functions for polynomial functions: see [2] for the case
K = Qp and χ = χtriv, see [3] for the case K = Qp and χ a non trivial character of
Z×p with conductor 1. The conductor cχ of χ is defined as the smallest c ∈ N \ {0},
such that χ is trivial on 1+pcZp. Here we follow the same idea of [3], but our results
do not require any assumption about the size of cχ, this is due to the approach in
the computation of the integrals appearing in the explicit formula for ZΦ(ω, f).
The description of our approach is the subject of the following section.
4.1. Stationary Phase Formula. The stationary phase formula was introduced
by Igusa with the aim of provide a tool for the explicit computation of some local
zeta functions, the reader interested in the details may consult [4].
We denote by x¯ the image of x ∈ RnK under the canonical homomorphism RnK →
(RK/PK)
n ≃ Fnq , i.e. x¯ is the reduction of x modulo p. Given a Laurent polynomial
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f(x) ∈ RK [x±1] such that not all its coefficients are in PK , we denote by f¯ the
polynomial obtained by reducing the coefficients of f mod p. We fix a lifting L of Fq
in RK , thus we have that L
n is mapped bijectively onto Fnq by the aforementioned
canonical homomorphism. Let D be a subset of Fnq and D its preimage under the
homomorphism. Let S(f,D) denote the subset of Ln mapped bijectively to the set
of singular points of f¯ lying on D¯. We define also
ν(f¯ , D, χ) =
q
−nCard
{
x¯ ∈ D¯ ; f¯(x¯) 6= 0} if χ = χtriv,
q−ncχ
∑
{x∈D ; f¯(x¯) 6=0} mod P cχ
K
χ(ac f(x)) if χ 6= χtriv,
and
σ(f¯ , D, χ) =
{
q−nCard{x¯ ∈ D¯ ; x¯ is a non singular root of f¯} if χ = χtriv,
0 if χ 6= χtriv.
We also set ZD(s, χ, f) for the integral
∫
D
ω(f(x)) |dx| = ∫
D
χ(ac f(x)) |f(x)|sK |dx|.
Lemma 4.1. With the above notations, we have
ZD(s, χ, f) = ν(f¯ , D, χ) + σ(f¯ , D, χ)
(1− q−1)q−s
1− q−1−s +
∫
S(f,D)
ω(f(x)) |dx|,
where Re(s) > 0.
Proof. The proof given by Igusa in [4] for the case of polynomial functions and
trivial characters can be easily adapted to the case of arbitrary characters and
Laurent polynomials, when q is assumed big enough. 
Theorem 4.1. Let f be a Laurent polynomial which is weakly non–degenerate with
respect to Γ∞ over Fq. Let C := {Int(∆τ ∩ Rn+) ; ∆τ ∩ Rn+ 6= ∅}
⋃∪ni=1∆i, be the
simplicial partition of Rn+ \ {0} subordinated to Γ∞. Let s be a complex number
such that β < Re(s) < α, and let a1, . . . , al, be the generators of a cone ∆ ∈ C.
Then
Z0(s, χ, f) := ZRn
K
(s, χ, f) = LΓ∞(q
−s, χ) +
∑
∆∈C
L∆(q
−s, χ)S∆(q−s),
with
L∆(q
−s, χ) = ν(f∆, (R×K)
n, χ) + σ(f∆, (R
×
K)
n, χ)
(1 − q−1)q−s
1− q−1−s , for any ∆ ∈ C,
and
S∆
(
q−s
)
=
(∑
h
q‖h‖+d(h)s
)
q
−
∑l
j=1(‖aj‖+d(aj)s)
l∏
j=1
(
1− q−‖aj‖−d(aj)s) ,
where h runs through the elements of the set
Zn ∩

l∑
j=1
λjaj ; 0 ≤ λj < 1 for j = 1, . . . , l
 .
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Proof. First note that Rn+ = {0} ∪
⊔
∆∈C ∆. Then
Z0(s, χ, f) =
∑
k∈Nn
∫
x∈(RK\{0})n
ord(x)=k
ω(f(x)) |dx|
=
∫
(R×
K
)n
ω(f(x)) |dx|+
∑
∆∈C
∑
k∈∆∩Nn
∫
x∈(RK)n
ord(x)=k
ω(f(x)) |dx|.
Now we change variables as
(4.1) xi = p
kiui, with ui ∈ (R×K)n, then |dx| = q−||k|| and xm = p〈k,m〉um.
We fix ∆ ∈ C and note that for any vector a ∈ ∆, fa(x) is the same, so we will use
f∆(x) instead of fa(x). Now we have
(4.2) f(x) = f∆(x) +
∑
m∈S\F (a)
cmx
m, for every a ∈ ∆,
and 〈k,m〉 = d(k) for any m ∈ F (a) whereas 〈k,m〉 > d(k) for m ∈ S \F (a). From
(4.1) and (4.2) we get
f(x) = pd(k)f∆(u) + p
d(k)+lf˜∆,k(u),
where l > 0 and f˜∆,k(u) ∈ R×K [u]. Therefore
Z0(s, χ, f) = LΓ∞(q
−s, χ)
+
∑
∆∈C
∑
k∈∆∩Nn
q−||k||−d(k)s
∫
(R×
K
)n
ω(f∆(u) + p
lf˜∆,k(u)) |du|,
where LΓ∞(q
−s, χ) =
∫
(R×
K
)n
ω(f(x)) |dx|. Now, since f is non degenerate with
respect to a (for any a ∈ ∆) we have that f∆ has no singular points on (F×q )n, thus
Lemma 4.1 implies
Z0(s, χ, f) = LΓ∞(q
−s, χ) +
∑
∆∈C
L∆(q
−s, χ)
∑
k∈∆∩Nn
q−||k||−d(k)s.
Finally, it is a well known fact that
∑
k∈∆∩Nn
q−||k||−d(k)s equals S∆, see e.g. [2]. 
Example 4.1. Set g(x, y) = x−3 + y−2 + y4 ∈ RK
[
x±1, y±1
]
. We choose Φ to be
the characteristic function of R2K and χ = χtriv. Furthermore, we will assume that
char(K) is different from 2 and 3. Note that g(x, y) is a non-degenerate polynomial
with respect to Γ∞ (g) over Fq, for q big enough.
The vectors {(1, 0) , (2, 3) , (0, 1)} are the edges of a non-trivial simplicial polyhe-
dral subdivision of R2+ subordinated to Γ∞ (g). Therefore
LΓ∞
(
q−s, χtriv
)
= q−2
{
(q − 1)2 +N
(
q−s − 1
1− q−s−1
)}
,
with N =
{
(x, y) ∈ (F×q )2 ; x−3 + y−2 + y4 = 0}. The remaining data for the ex-
plicit formula for Z0(s, x
−3 + y−2 + y4, χtriv) are in Table 4.1. It follows that the
real parts of the poles of the local zeta function belong to
{
1
2 ,
1
3 ,
5
6 ,−1
}
. Note that
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τ1
τ2
τ3
(0, 4)
(−3, 0)
(0,−2)
∆τ2∩τ3
∆τ1∩τ2
∆τ1∩τ3
(−1, 0)
(2, 3)
(4,−3)
Figure 2. Γ∞(x−3 + y−2 + y4) and the conical partition of R2
induced by it.
Cone
Generators
Face L∆ (q
−s, χtriv) S∆ (q−s)
(0, 1) τ2 ∩ τ3 (1− q−1)2 q
−1+2s
1− q−1+2s
(2, 3) τ3
q−2(q − 1){(q − 1)+
q−s−1
1−q−s−1 }
q−5+6s
1− q−5+6s
(1, 0) τ1 ∩ τ3
(
1− q−1)2 q−1+3s
1− q−1+3s
(0, 1) , (2, 3) τ2 ∩ τ3
(
1− q−1)2 (1 + q3−4s)q−6+8s
(1− q−1+2s)(1− q−5+6s)
(2, 3) , (1, 0) τ1 ∩ τ3
(
1− q−1)2 (1 + q2−3s + q4−6s)q−6+9s
(1− q−1+3s)(1− q−5+6s)
Table 1. g(x, y) = x−3 + y−2 + y4
only the poles 56 +
2pi
√−1Z
6 log q come from the equation of a supporting plane, more pre-
cisely from the face τ3. Finally, note that β = −1 and α = 13 , and that this last
datum does not come from the equations of the supporting planes of Γ∞ (g).
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